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Abstract

The main aim of this investigation is to establish a new Simpson type Riemann-Liouville frac-
tional integral equality for harmonically convex functions. Using this identity, some new results
related to Simpson-like type Riemann-Liouville fractional integral inequalities are obtained.
Then, some interesting conclusions are attained for some special cases of Riemann-Liouville
fractional integrals when α = 1.
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1 Introduction

Convex functions play an important role in many areas of mathematics. They are especially impor-
tant in the study of optimization problems where they are distinguished by a number of convenient
properties. Because of this importance, convex functions have attracted the attention of many
researchers. There are several modern works on convexity that are for the investigations of real
analysis, functional analysis, linear algebra, and geometry. Numerous articles have been composed
by various mathematicians on convex functions and inequalities for their different classes, see the
references [15, 16].

In the other hand, in mathematics, inequalities are used to compare the relative size of values.
They can be used to compare integers, variables, and various other algebraic expressions. This topic
is widely studied in the literature. Some of the most studied inequalities are Hermite-Hadamard
inequality, Ostrowski-type inequalities, Simpson-type inequalities etc.

The following inequality is known as Simpson’s integral inequality:

Theorem 1.1. Let f : [a, b]→ R be a four times continuously differentiable mapping on (a, b) and∥∥f (4)∥∥∞ = sup
∣∣f (4) (x)

∣∣ <∞. Then, the following inequality holds:∣∣∣∣∣∣
b∫
a

f (x) dx− b− a
3

[
f (a) + f (b)

2
+ 2f

(
a+ b

2

)]∣∣∣∣∣∣ ≤ 1

2880

∥∥∥f (4)∥∥∥
∞
. (b− a)

4
. (1.1)

The study of Simpson type integral inequalities involving various kinds of convex functions
has been carried out by many researchers, including Alomari et al. [7] in the study of Simpson’s
inequalities for s-convex functions, Matloka [9] in generalization of Simpson type inequality for
extended h-convex functions, Rashid et al. [14] in the study of Simpson’s type integral inequalities
for k-fractional integrals and their applications, Sarikaya [13] in the research of generalized Simpson
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type integral inequalities. For more results and recent development on the Simpson’s inequality,
see [4, 8, 10, 11, 12, 17].

In [6], İşcan gives the definition of harmonically convex functions as follows:

Definition 1.2. [6].Let A ⊂ R\ {0} and f : A→ R be a function. f is harmonically convex, if

f

(
ab

ta+ (1− t) b

)
≤ tf (b) + (1− t) f (a) (1.2)

for all a, b ∈ A and t ∈ [0, 1] . Otherwise, f is harmonically concave.

Harmonic convex functions are important for mathematical inequalities. Many authors obtain
several inequalities for harmonic convex functions [6, 2, 18]. One of the most studied inequalities
for harmonic convex functions is Hermite-Hadamard, which is stated as follows:

Theorem 1.3. [6]Let f : A ⊂ R\ {0} → R be a harmonically convex function and a, b ∈ A with
a < b. If f ∈ L [a, b] then the following inequalities hold:

f

(
2ab

a+ b

)
≤ ab

b− a

b∫
a

f (x)

x2
dx ≤ f (a) + f (b)

2
. (1.3)

The motivation of this investigation is to establish Simpson type Riemann-Liouville fractional
integral inequalities. Unlike studies in the literature, harmonic convex functions are used in this
study and interesting results are obtained.

2 Preliminaries

In this section, we mention some definitions and fundamental results before our main results.

Definition 2.1. Let a, b ∈ R with a < b and f ∈ L [a, b] . The left and right Riemann- Liouville
fractional integrals Jαa+f and Jαb−f of order α > 0 are defined by

Jαa+f(x) =
1

Γ (α)

x∫
a

(x− t)α−1 f (t) dt, x > a

and

Jαb−f(x) =
1

Γ (α)

b∫
x

(t− x)
α−1

f (t) dt, x < b

respectively, where Γ (α) is the Gamma function defined by Γ (α) =

∞∫
0

e−ttα−1dt (see [1], p. 69).
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3 Main results

Lemma 3.1. Let f : I ⊂ (0,∞)→ R, be a differentiable function on I◦, a, b ∈ I◦ and a < b. If f ′

∈ L [a, b] , then the following equality holds:

I (a, b;α) =
1

6

[
f (a) + 4f

(
2ab

a+ b

)
+ f (b)

]
(3.1)

− 1

2

(
2ab

b− a

)α
Γ (α+ 1)

(
Jα1
a

− (f ◦ h)
(
a+b
2ab

)
+ Jα1

b
+ (f ◦ h)

(
a+b
2ab

) )

=
b− a
2ab

1∫
0

(
1
3 −

tα

2

)
(

2ab
(1−t)a+(1+t)b

)2
f ′
(

2ab
(1−t)a+(1+t)b

)
−
(

2ab
(1+t)a+(1−t)b

)2
f ′
(

2ab
(1+t)a+(1−t)b

)
 dt

and h (x) = 1
x , α > 0.

Proof. We start by considering the following computations which follows from change of variables
and using the definition of the Riemann-Liouville fractional integrals.

I1 =

1∫
0

(
1

3
− tα

2

)(
2ab

(1− t) a+ (1 + t) b

)2

f ′
(

2ab
(1−t)a+(1+t)b

)
dt

=
2ab

a− b

(
−1

6
f (a)− 1

3
f

(
2ab

a+ b

))
+

2abα

2 (a− b)

1∫
0

tα−1 f
(

2ab
(1−t)a+(1+t)b

)
dt

=
2ab

a− b

(
−1

6
f (a)− 1

3
f

(
2ab

a+ b

))
+

2abα

2 (a− b)

(
2ab

a− b

)α
Γ (α) Jα1

a
− (f ◦ h)

(
a+b
2ab

)
=

2ab

a− b

(
−1

6
f (a)− 1

3
f

(
2ab

a+ b

))
+

1

2

(
2ab

a− b

)α+1

Γ (α+ 1) Jα1
a

− (f ◦ h)
(
a+b
2ab

)
and similarly

I2 =

1∫
0

(
tα

2
− 1

3

)(
2ab

(1 + t) a+ (1− t) b

)2

f ′
(

2ab
(1+t)a+(1−t)b

)
dt

=
2ab

b− a

(
1

6
f (b) +

1

3
f

(
2ab

a+ b

))
− 1

2

(
2ab

b− a

)α+1

Γ (α+ 1) Jα1
b
+ (f ◦ h)

(
a+b
2ab

)
.

Thus, we have

b− a
2ab

(I2 − I1) =
1

6

[
f (a) + 4f

(
2ab

a+ b

)
+ f (b)

]
− 1

2

(
2ab

b− a

)α
Γ (α+ 1)

(
Jα1
a

− (f ◦ h)
(
a+b
2ab

)
+ Jα1

b
+ (f ◦ h)

(
a+b
2ab

) )
.

q.e.d.
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Remark 3.2. If we take α = 1 in Lemma 3.1, we have the following equality

1

6

[
f (a) + 4f

(
a+ b

2ab

)
+ f (b)

]
− ab

b− a

b∫
a

f (x)

x2
dx (3.2)

=
b− a
2ab

1∫
0

(
1

3
− t

2

)
(

2ab
(1−t)a+(1+t)b

)2
f ′
(

2ab
(1−t)a+(1+t)b

)
−
(

2ab
(1+t)a+(1−t)b

)2
f ′
(

2ab
(1+t)a+(1−t)b

)
 dt.

Theorem 3.3. Let f : I ⊂ (0,∞) → R, be a differentiable function on I◦, a, b ∈ I◦ and a < b. If
f ′ ∈ L [a, b] and |f ′| is a harmonic convex function on [a, b], then the following inequality holds:

|I (a, b;α)| ≤ b− a
6ab

( ∣∣ f ′ (a)
∣∣ (K1 (t;α) +K2 (t;α))

+
∣∣ f ′ (b) ∣∣ (K3 (t;α) +K4 (t;α))

)
(3.3)

where

K1 (t;α) =
2a2b2 (2b ln (|2b|) + 2a)

2b (b− a)
2 − 2a2b2 ((b+ a) ln (|b+ a|)) + 2a

(a+ b) (b− a)
2 ,

K2 (t;α) = −2a2b2 (2a ln (|2a|) + 2a)

2a (b− a)
2 +

2a2b2 ((b+ a) ln (|b+ a|)) + 2a

(a+ b) (b− a)
2 ,

K3 (t;α) = −2a2b2 (2b ln (|2b|) + 2b)

2b (b− a)
2 +

2a2b2 ((b+ a) ln (|b+ a|)) + 2b

(a+ b) (b− a)
2 ,

K4 (t;α) =
2a2b2 (2a ln (|2a|) + 2b)

2a (b− a)
2 − 2a2b2 ((b+ a) ln (|b+ a|)) + 2b

(a+ b) (b− a)
2 ,

α > 0.

Proof. From Lemma 3.1 and |f ′| is harmonic convex, we have

|I (a, b;α)| ≤ b− a
2ab

1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣


(
2ab

(1−t)a+(1+t)b

)2
f ′
(

2ab
(1−t)a+(1+t)b

)
+
(

2ab
(1+t)a+(1−t)b

)2
f ′
(

2ab
(1+t)a+(1−t)b

)
 dt

≤ b− a
2ab

1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣


(
2ab

(1−t)a+(1+t)b

)2 (
1+t
2

∣∣ f ′ (a)
∣∣+ 1−t

2

∣∣ f ′ (b) ∣∣)
+
(

2ab
(1+t)a+(1−t)b

)2 (
1−t
2

∣∣ f ′ (a)
∣∣+ 1+t

2

∣∣ f ′ (b) ∣∣)
 dt

≤ b− a
6ab

( ∣∣ f ′ (a)
∣∣ (K1 (t;α) +K2 (t;α))

+
∣∣ f ′ (b) ∣∣ (K3 (t;α) +K4 (t;α))

)
where we used the fact that

∣∣ 1
3 −

tα

2

∣∣ ≤ 1
3 for all t ∈ [0, 1] .This completes the proof. q.e.d.
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Theorem 3.4. Let f : I ⊂ (0,∞) → R, be a differentiable function on I◦, a, b ∈ I◦ and a < b. If
f ′ ∈ L [a, b] and |f ′|q is a harmonic convex function on [a, b] for q > 1 and 1

p + 1
q = 1, then the

following inequality holds:

|I (a, b;α)| ≤ b− a
6ab

[ (
X1 (q; a, b)

∣∣ f ′ (a)
∣∣q +X2 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

+
(
X3 (q; a, b)

∣∣ f ′ (a)
∣∣q +X4 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

]
. (3.4)

where

X1 (q; a, b) =

1∫
0

(
2ab

(1− t) a+ (1 + t) b

)2q
1 + t

2
dt,

X2 (q; a, b) =

1∫
0

(
2ab

(1− t) a+ (1 + t) b

)2q
1− t

2
dt,

X3 (q; a, b) =

1∫
0

(
2ab

(1 + t) a+ (1− t) b

)2q
1− t

2
dt,

X4 (q; a, b) =

1∫
0

(
2ab

(1 + t) a+ (1− t) b

)2q
1 + t

2
dt,

α > 0.

Proof. From Lemma 3.1 and using the Hölder’s integral inequality and the harmonic convexity of
|f ′|q, we have

|I (a, b;α)| ≤ b− a
2ab

 1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣p dt


1
p

×



 1∫
0

(
2ab

(1−t)a+(1+t)b

)2q ∣∣∣ f ′ ( 2ab
(1−t)a+(1+t)b

) ∣∣∣q dt


1
q

+

 1∫
0

(
2ab

(1+t)a+(1−t)b

)2q ∣∣∣ f ′ ( 2ab
(1+t)a+(1−t)b

) ∣∣∣q dt


1
q



≤ b− a
6ab



 1∫
0

(
2ab

(1−t)a+(1+t)b

)2q [ ∣∣ f ′ (a)
∣∣q ( 1+t

2

)
+
∣∣ f ′ (b) ∣∣q ( 1−t

2

) ] dt


1
q

+

 1∫
0

(
2ab

(1+t)a+(1−t)b

)2q [ ∣∣ f ′ (a)
∣∣q ( 1−t

2

)
+
∣∣ f ′ (b) ∣∣q ( 1+t

2

) ] dt


1
q


≤ b− a

6ab

[ (
X1 (q; a, b)

∣∣ f ′ (a)
∣∣q +X2 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

+
(
X3 (q; a, b)

∣∣ f ′ (a)
∣∣q +X4 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

]
.
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This completes the proof. q.e.d.

Remark 3.5. If we take α = 1 in Theorem 3.4, we obtain the following inequality∣∣∣∣∣∣16
[
f (a) + 4f

(
2ab

a+ b

)
+ f (b)

]
− ab

b− a

b∫
a

f (x)

x2
dx

∣∣∣∣∣∣
≤ b− a

6ab

[ (
X1 (q; a, b)

∣∣ f ′ (a)
∣∣q +X2 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

+
(
X3 (q; a, b)

∣∣ f ′ (a)
∣∣q +X4 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

]
.

Theorem 3.6. Let f : I ⊂ (0,∞) → R, be a differentiable function on I◦, a, b ∈ I◦ and a < b. If
f ′ ∈ L [a, b] and |f ′|q is a harmonic convex function on [a, b] for q ≥ 1, then the following inequality
holds:

|I (a, b;α)| ≤ b− a
2ab

(
1

3

)1− 1
q

[ (
X1 (q; a, b)

∣∣ f ′ (a)
∣∣q +X2 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

+
(
X3 (q; a, b)

∣∣ f ′ (a)
∣∣q +X4 (q; a, b)

∣∣ f ′ (b) ∣∣q) 1
q

]
(3.5)

where X1 (q; a, b) , X2 (q; a, b) , X3 (q; a, b) , X4 (q; a, b) are defined as in Theorem 3.4 and α > 0.

Proof. From Lemma 3.1 and using the power mean inequality, we have that the following inequality
holds:

|I (a, b;α)| ≤ b− a
2ab

1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣


(
2ab

(1−t)a+(1+t)b

)2 ∣∣∣ f ′ ( 2ab
(1−t)a+(1+t)b

) ∣∣∣
+
(

2ab
(1+t)a+(1−t)b

)2 ∣∣∣ f ′ ( 2ab
(1+t)a+(1−t)b

) ∣∣∣
 dt

≤ b− a
2ab



 1∫
0

∣∣ 1
3 −

tα

2

∣∣ dt
1− 1

q

×



 1∫
0

∣∣ 1
3 −

tα

2

∣∣ ( 2ab
(1−t)a+(1+t)b

)2q ∣∣∣ f ′ ( 2ab
(1−t)a+(1+t)b

) ∣∣∣q dt


1
q

+

 1∫
0

∣∣ 1
3 −

tα

2

∣∣ ( 2ab
(1+t)a+(1−t)b

)2q ∣∣∣ f ′ ( 2ab
(1+t)a+(1−t)b

) ∣∣∣q dt


1
q





.

By the harmonic convexity of |f ′|q and the fact that
∣∣ 1
3 −

tα

2

∣∣ ≤ 1
3 for all t ∈ [0, 1] , we get
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1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣ ( 2ab

(1− t) a+ (1 + t) b

)2q ∣∣∣ f ′ ( 2ab
(1−t)a+(1+t)b

) ∣∣∣q dt
≤ 1

3

∣∣ f ′ (a)
∣∣q 1∫

0

(
2ab

(1− t) a+ (1 + t) b

)2q
1 + t

2
dt

+
1

3

∣∣ f ′ (b) ∣∣q 1∫
0

(
2ab

(1− t) a+ (1 + t) b

)2q
1− t

2
dt

and

1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣ ( 2ab

(1 + t) a+ (1− t) b

)2q ∣∣∣ f ′ ( 2ab
(1+t)a+(1−t)b

) ∣∣∣q dt
≤ 1

3

∣∣ f ′ (a)
∣∣q 1∫

0

(
2ab

(1 + t) a+ (1− t) b

)2q
1− t

2
dt

+
1

3

∣∣ f ′ (b) ∣∣q 1∫
0

(
2ab

(1 + t) a+ (1− t) b

)2q
1 + t

2
dt.

By simple computation, 1∫
0

∣∣∣∣13 − tα

2

∣∣∣∣ dt
1− 1

q

=

[
1

3 (α+ 1)

((
2

3

) 1
α

2α+
1

2
− α

)]1− 1
q

.

Using the last two inequalities and the equation, we obtain

|I (a, b;α)| ≤ b− a
6ab

[
1

α+ 1

((
2

3

) 1
α

2α+
1

2
− α

)]1− 1
q

×



∣∣ f ′ (a)
∣∣q 1∫

0

(
2ab

(1−t)a+(1+t)b

)2q
1+t
2 dt+

∣∣ f ′ (b) ∣∣q 1∫
0

(
2ab

(1−t)a+(1+t)b

)2q
1−t
2 dt


1
q

+

∣∣ f ′ (a)
∣∣q 1∫

0

(
2ab

(1+t)a+(1−t)b

)2q
1−t
2 dt+

∣∣ f ′ (b) ∣∣q 1∫
0

(
2ab

(1+t)a+(1−t)b

)2q
1+t
2 dt


1
q


.

This ends the proof. q.e.d.
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Remark 3.7. If we take α = 1 in Theorem 3.6, we obtain the following inequality∣∣∣∣∣∣16
[
f (a) + 4f

(
2ab

a+ b

)
+ f (b)

]
− ab

b− a

b∫
a

f (x)

x2
dx

∣∣∣∣∣∣ (3.6)

≤ b− a
6ab

(
5

12

)1− 1
q

[ (
X1 (q, a, b)

∣∣ f ′ (a)
∣∣q +X2 (q, a, b)

∣∣ f ′ (b) ∣∣q) 1
q

+
(
X3 (q, a, b)

∣∣ f ′ (a)
∣∣q +X4 (q, a, b)

∣∣ f ′ (b) ∣∣q) 1
q

]
.

4 Conclusion

In this paper, using a new identity of Simpson-like type for Riemann-Liouville fractional integral
for harmonic convex functions, we obtain some new Simpson type Riemann-Liouville fractional
integral inequalities. Furthermore, some interesting conclusions is obtained for some special values
of α. So, this paper is a detailed examination of the Simpson-like type Riemann-Liouville fractional
integral inequalities.
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